
Homework 9, 2023 spring:

Problem 9.1: Suppose that φ is a real C∞ phase function satisfying the non-
degeneracy condition

det

(
∂2φ

∂xj∂yk

)
6= 0

on the support of a(x, y) ∈ C∞0 (Rn × Rn). Then for λ > 0,∥∥∥∥∫
Rn

eiλφ(x,y)a(x, y)f(y) dy

∥∥∥∥
L2(Rn)

≤ Cλ−n/2‖f‖L2(Rn).

Problem 9.2: Prove the identity∫ ∞
0

eiλx
k

e−x
k

xl dx = ck,l(1− iλ)−(l+1)/k

for any integers k ≥ 2 and l ≥ 0, where ck,l’s are constants.

Problem 9.3: Suppose that φ : R→ R satisfies that

φ(x0) = φ′(x0) = φ′′(x0) = 0,

while φ′′′(x0) 6= 0. If ψ ∈ C∞c (R) is supported in a sufficiently small neighborhood of
x0, prove that ∫

R
eiλφ(x)ψ(x) dx = λ−1/3

N∑
j=0

ajλ
−j/3 +O(λ−(N+2)/3)

for all λ > 1 and nonegative integer N .
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