
Homework 3, Spring 2023:

Problem 3.1:
For φ ∈ S , Hφ ∈ L1 if and only if

∫
φ = 0.

Problem 3.2:
Check that the Hilbert transform on the line with kernel x−1 is a singular integral

kernel.

Problem 3.3: (Calderón-Zygmund decomposition on Lq)
Fix a function f ∈ Lq(Rn) for some 1 ≤ q < ∞ and let α > 0. Then there exist

functions g and b on Rn such that

(1) f = g + b.

(2) ‖g‖Lq ≤ ‖f‖Lq and ‖g‖L∞ ≤ 2
n
q α.

(3) b =
∑

j bj, where each bj is supported in a cube Qj. Furthermore, the cubes
Qk and Qj have disjoint interiors when j 6= k.

(4) ‖bj‖qLq ≤ 2n+qαq|Qj|.
(5)

∫
Qj
bj(x) dx = 0.

(6)
∑

j |Qj| ≤ α−q‖f‖qLq .

(7) ‖b‖Lq ≤ 2
n+q
q ‖f‖Lq and ‖b‖L1 ≤ 2α1−q‖f‖qLq .
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