THE NUMBER OF ZEROS OF CROSS-PRODUCT
BESSEL FUNCTIONS
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ABSTRACT. For any v > 0 we study the following cross-product
combination of Bessel functions
bo(2) = ji.(R2)y, (rz) — j,(r2)y, (Rz2), 0<r<R.

We give the number of zeros of h,(z) within the circle |z| = (s +
1/2)w /(R — r) for large integer s.

1. INTRODUCTION

Given 0 < r < R < oo and v > 0 we study the number of zeros of
the following cross-product combination of Bessel functions

b, (2) = j,(R2)y,(rz) — j,(rz)y, (Rz),

where

Ju(z) = 2720, (2)
and

Yu(2) = Zlid/zYV('z)
with d > 3 and J, and Y, the Bessel functions of first and second kind
of order v. The function j, and y, are (ultra)spherical Bessel functions
of the first and second kind when v takes certain special value. Here
j., and ¥/, represent derivatives with respect to z.

Cross-products of Bessel functions arise regularly in a variety of phys-
ical and mathematical problems with circular or cylindrical geometry.
Sometimes it is very helpful to know properties of their zeros. For
instance, Cochran [2] investigated

(1.1) fu(2) = JL(R2)Y,(rz) — J,(r2)Y,(Rz2)
and
(1.2) gv(2) = J(R2)Y,(rz) — J,(r2)Y,(Rz),

Date: December 7, 2021.
2020 Mathematics Subject Classification. Primary 33C10.
Key words and phrases. Number of zeros, cross-product Bessel functions, argu-
ment principle.
1



2 JINGWEI GUO AND TAO JIANG

and showed that for any fixed v > 0 there are 2s and 2s + 2 zeros of
f,(z) and g,(z) respectively within the circle |z| = (s + 1/2)7/(R —r)
for large integer s. This information can be used in the study of Weyl’s
law for the Dirichlet/Neumann Laplacian associated with the planar
annulus

72 ={zeR:r<|z|<R}.

Indeed, in [5] the first author, Miiller, Wang and Wang obtained an
asymptotics of the eigenvalue counting function with an improved re-
mainder estimate for the Dirichlet Laplacian associated with &. The
connection between the eigenvalue counting and zeros of cross-product
Bessel functions lies in the fact that the eigenvalues under investigation
correspond to squares of zeros of f,(z), which can be easily verified by
using the standard separation of variables. Hence in order to count
eigenvalues, one needs to study zeros. In particular, the number of
zeros is needed in the process of determining asymptotics of zeros (see
the proof of [5, Theorem 2.8]).

It is also well-known that nonzero eigenvalues of the Neumann Lapla-
cian associated with Z correspond to squares of zeros of g, (z) (namely,
b, with d = 2).

We would like to consider the Neumann Laplacian and generalize
the planar annulus in [5] to spherical shells in high dimensions. Hence
we need to study zeros of h,(z) with d > 3. As a first step, we prove
the following result on the number of zeros of h,(z).

Theorem 1.1. Let b,(2) be defined as above. Then there is a large
constant C' > 0 such that for anyv > 0, if s € N satisfies s > C(v3+1),
then B,(z) has precisely 2s + 25(v) zeros within the circle |z| = (s +
1/2)m/(R — 1), where §(v) is 0 if v =d/2 — 1 and 1 otherwise.

Remark 1.2. We follow the convention that zeros are counted with
multiplicities.

Remark 1.3. Our result provides an explicit dependence on v of the size
of s, which is implicitly in the work of Cochran [2]. This is achievable
due to our effort in tracking values of coefficients of expansions shown
up in the proof.

Remark 1.4. At last we would like to mention a few interesting results
on other properties of zeros. Asymptotic expansions for real zeros of
f,(2) and g,(z) were derived in McMahon [6] (and also in Truell [8] for
first zeros of g,(z) and v = 1,2,3,4). Cochran [4] showed zeros of both
f,(z) and g,(z) are analytic. Cochran [3] obtained analogous results
for nonnegative real v-zeros of f,(z) and g,(z).



ZEROS OF CROSS-PRODUCT BESSEL FUNCTIONS 3

In this paper, H,Sl)(z) and Hl(,Q)(z) are the Hankel functions of the
first and second kind of order v (also known as the Bessel functions of
the third kind). It is well known that
cos(vm)J,(2) — J_,(2)

sin(vm)

(1.3) Y, (2) =

)

where the right hand side of this equation is replaced by its limiting
value if v is an integer,

(1.5) HP(2) = J,(2) —iY,(2)
and
(1.6) Cl(2) = Goal2) — Gon2)

2 )
where € may denote J, Y, HY and H®. See 9.1.2-9.1.4 and 9.1.27 in

[1]. The Landau notation f = O(g) means |f| < Cg for some constant
C.

2. ANALYTICITY OF CROSS-PRODUCT BESSEL FUNCTIONS

In this section we study the analyticity of the following function

_ d)? _d .
(21)  h(z)=g.(2) + “RT?Q)W) + 1R—T; (r1(2) = FL(2)).
where
(2.2) L(2) = J,(R2)Y/(rz) — J,(r2)Y,(Rz)
and
(2.3) ,(2) = J,(r2)Y(Rz) — J.(R2)Y,(rz).

It is easy to verify that
(2.4) b, (2) = (Rr)' 22270, (2).
The following result tells us that the origin is not a zero of h,(2).

Lemma 2.1. Let h,(z) be defined by (2.1) and 0 < r < R given. For
all v > 0, we have that
(1) if v=d/2 —1, h,(z) is an entire function and h,(0) # 0;
(2) ifv#d/2—1, h,(2) is holomorphic on C\ {0} and has a pole
at 0 of the second order.
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Proof. We are going to derive ascending series of h,(z) by using as-
cending series of the Bessel functions.

We first prove the case v = n € N\ {1}. From [1, P. 360] or [7, P.
57, P. 243|, we have that for general real v, if v # —1,—2,..., then
(2.5)

N\ 2k

(A EDRGE)T ey (5)°
‘]”<Z>_<§) ;klr(y+k+1)_<§> (F(u+1)_r(u+2)+”')’
and if v = n € N then

ne= G S ) i) e

k=0
1 /2\" — (—1)* (z)%
= <§> ;(@/}(k;—i-l)—kt/)(n—i-k—l—l))m
6) (,?1 _ v (52 ..)+%1n(§)J1(z) if n =1,
(2.6) =
) <—F7r(n) RSIWELIN .>+ 2In(2)Ju(2)  ifn>2,
where
k—1 1
v ==y k) =+ ) g k=2

and + is the Euler’s constant. Here we choose any branch of the Bessel
functions correspond to the range ! —7 +2mn < arg z < 7+ 2mm with
m € 2.

By (2.5) and (2.6) we have

7,.2n _ R2n T2n—2 _ R2n—2
Fnlz) = nmrrn R * n(n — 1)mrn—2Rn—2

7,2n+2 _ R2n+2 2N\ 2
e G e ) e

(2.7)

where

R, (2) = %m (%) Jnlr)u(R).

Here arg z denotes the argument of the complex number z.
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Applying the recurrence relation (1.6), (2.5) and (2.6) to (1.2) yields

n R2n _ T,Qn 2\ —2 n—2 RQn—2 - 7,2n—2
gn(z) = ( n+1 n+1> <_) ( )_( n—1 Pn—1 )
4t R 2 4(n — 1)mr"1R
(2.8)

(n + 2) (R2n+2 - T2n+2)
4(n + 1)grntl Rrtl + + Ny, (2),
where
R, (2) = iln (L> (Jno1(rz) = Juy1(r2)) (Jn-1(R2) — Jpy1(R2))
On — 27T R n—1 n+1 n—1 n+1 .
By a similar argument we obtain
R 420 soN-1 (O 1z
2. = — (= LA R
29) k) (27rr"+1R” (5) 53+ ) ()
and

- 4+ R a1 Gz

where

C B (TL _ Z)Rn B Rn+2 N rnfl B (n + 2)Tn+1
" = Drrt (nt Dttt (n— DrR™2 n(n+ 1)rR"
and )
r
M, (z) = —In (}—%) Jn(R2) (Juor (12) — Jnsn (r2))

and the constant Cj ,; and the term %; (2) can be obtained from Cy, ;
and Ry, (z) by swapping r and R respectively.?

Then applying (2.7)—(2.10) to all factors in h,(z) defined by (2.1)
yields

(2.11)
d\*\ (R —r) 1
_ 2
= ((” ) (1 - 5) > m—w*) P (2)
where
(2= (1-9)"—2(1-9) (=2 =)
Chno =

dn(n — 1)mrn—tRn—1
2
(2 - (=920 -9)) (722 -2
dn(n + 1)mrr+l Rett

2The only difference between [, (z) and [,,(z) is the position of r and R.
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and
_ d4)? _d
0, () = 9, () + Loy (94 L (o () — R, ().

It is easy to verify that the series on the right hand side of (2.11)
is independent of the branch we choose and if n = d/2 — 1, it can be
continued analytically onto the negative real axis and the origin. Hence
hn(z) is an entire function and h,(0) # 0. If n # d/2 — 1, the series
can be continued analytically onto the negative real axis. Hence h,(2)
is meromorphic and only has a pole at 0 of the second order. This
completes the proof of the case v =n € N\ {1}.

The proof of other cases are similar and simpler. Here we only point
out the differences rather than giving every detail. If v = 1, when
applying the ascending series of Y;,, in addition to (2.6), we also need

27y 2 r2\2 2 z
See 9.1.13 in [1, P. 360].
If v > 0 and v ¢ N, we only need (2.5) to obtain the ascending series
of h,(z), although (2.6) is no longer applicable. Combining (1.3) and
(1.1) we obtain that

Joo(Rz)

sin(v)

J_,(rz)

sin(vm)’

Rz)

which is only related to J, with v ¢ Z. The corresponding variants
of g,(2), L,(2) and [,(z) follow from (1.3) and the linearity of differ-
entiation. Then by applying (2.5) and the recurrence relation (1.6) to
variants of §,(2), g,(2), [,(z) and [,(z) yields ascending series of the
functions, and hence the series of h,(z) from which we can get the
desired results. This completes the proof of the lemma. U

fu(2) = Ju(rz)

3. PROOF OF THEOREM 1.1

In this section we are going to count the number of zeros of h,(z).
In the first half of the proof, we obtain an asymptotics of h,(z) on the
circle |z] = (s +1/2)7/(R —r), and in the rest we apply the argument
principle to h,(z) in the circle to count its zeros.

Proof of Theorem 1.1. By (2.4) and Lemma 2.1, it suffices to count the
number of zeros of h,(z).

Let s be an integer with s > C'(v® + 1) and C > 0 to be determined
later. By Lemma 2.1 and the argument principle, the number of zeros
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of h,(z) within the circle o: |z| = (s +1/2)7/(R — r) equals

1 h,(2)

(3.1) i e

dz +20(v),

where 0(v) is 0 if v = d/2 — 1 and 1 otherwise.

We will apply asymptotics of Hankel functions and their derivatives,
(1.4) and (1.5) to obtain asymptotics of f,(z), g.(z), l,(z) and [,(z)
at |z| = (s + 1/2)7/(R — r), and hence an asymptotic expansion of
h,(z). From [7, P. 266-267] we have that if® |z| > A|v? — 1/4] for some
constant A > 0 and —7/2 < arg z < /2, then

HY2(z) = —eti(5+0)) (1 Tk it k)
’ =z 8z 21(82)2
(3.2)

T i<u = 1)(;(_829))3<u — 25) + %Hy,z)(z)) ,

where the upper (lower) sign applies to the Hankel functions of the first
(second) kind, p = 402, and

%Hl(},z)(z) =0 ((u4 + 1)|Z’74) .
Moreover, by the recurrence relation (1.6) we have

(3.3)

s z ey 4

(1= 1) (= 9) (1 + 35)
* 31(82)° quW,(Z)) )

where the upper (lower) sign applies to the Hankel functions of the first
(second) kind, and

%Hl(llﬂ),(Z) =0 ((,u4 + 1)|Z‘74) .

From the relations (1.4) and (1.5) we have

() = o (HP (R)HD (r2) — H(R2)HP (7).

3This assumption is satisfied if we take C' > (R —r)A/7.
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Then applying the asymptotics (3.2) to all factors in the above formula
yields

S

— cos(R — 1)z (g— - %) + %(z)) ,

alz(u_m(l_l) QQZ(M—l)Z_(u—lé(!u—% (%Jri),

r R Rr i
_ (=1 (p g!9)(u —25) (%_%) = 1>22!(” =9 (TjR_ 3127)

and

Ry, (2) = O (' + 1))

From the linearity of differentiation, (1.4), (1.5) and (3.3), the cross-
product g,(z) has an asymptotic expansion similar to (3.4), but with
different coefficients and remainder. Let &; be its coefficients (corre-
sponding to «;) with ¢ = 1,2, 3 and MRy, (z) the corresponding remain-
der. Then

@1:(u+3)(l_l), d2:(u+3)2_(u—1)(u+15)(1+ 1)

r R Rr 2! R?
o = D= 9 435) (G5 —gs) (= Dt 3)(ut15) (g — )
8 3! 2!

and
Ry, (2) = O (1" +1)]=[7).
nd

The asymptotics of [,(z) a
argument. For [,(z) we have

(2) = M\Q/E (cos(R )z (1 4 (8‘5;)2)

[,(z) can be obtained by a similar

(3.5) o
+sin(R —r)z (8_;12 - (8;)3) + %y(z)) ,

where

51_#—1-3_#—1 52_( ~D(p+3) (=1)( ++L215)
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(=9 (+3) _ (p=1)(p+15) _
1) (U ) (- ) (8 - )

03 = 2l 3!

and
R, (2) = O ((u* + Dl=I).

For 1,(z), it has an asymptotics similar to (3.5) with different coeffi-
cients

so_n=1 pt3 o (p-DE+3) (=1 (5 + 1Y)
! r R P Rr 2l ’
o (p=1)(u+15)  (u=9)(u+3) _
g _ (/"L 1) ( R2p 2R ) " (/’[/_1)(/’1“_9) (MT‘325 _ NESS)
3 2l 3!
and

9, (2) = O (' + ]| ).

Then we apply to all factors in h,(z) the asymptotics of f,(2), g,(2),
[,(z) and [,(2) to obtain

—2 . 02 04
() :\/sz (sm(R —r) (1 * 22 + ?)
C, C; O
—con(r—rs (L D+ ) 4 mhy<z>),

where the coefficients

~ 2
SR T SRR (o)

R r 8 rR * &  8R +§’
U= (D6 (1-95 4
3 — SrR 82R 827“ 837
D (-DH% (-DF (-9 a
Cy = 2 R + BR Q3 Cs=— 83rR

and the remainder

Mo (2 - (o LoD MG ()R (- DR

rRz? Rz Tz

=0 ((,u4 + 1)|z|_4) )

Notice that the asymptotics of h,(z) above is true for all |z| = (s +
1/2)7/(R — r) with |arg z| < 7 by the evenness of the function.
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Now we are ready to count the zeros of h,(z). We first notice that
if |z| = (s+1/2)7/(R — r), we have

cot(R—r)z=0(1)
and
sin™' (R — 1)z = O(1).

Then a straightforward calculation combined with the above two esti-
mates shows that

(3.6)

1 h.,(z) R—r ) ) , A
R v d — d _1
omi J, () 2mi /amu<2>+mu<z>+my<z> 140 (M),

where

Crcot’ (R—1)z N Gy
z

mb(z) = cot(R — 1)z + S

B (RC_IT + 012) cot(R —r)z N C?cot} (R — 1)z

22 22

)

— C1Cq N <C3 —C1Cy + 1 S -+ C3> cot?(R —r)z

23 23
C3cot* (R —r)z
 Clan'(=r):

z

For m)(z), the first term cot(R — r)z has poles z = mm /(R — r) of
order 1 with m = 0,+1,4+2,..., s within the circle o. By the residue
formula we have

1 25 +1
9 cot(R—r)zdz Z R—r_R—r'

m=—s

The second term C}z7!cot?(R — r)z has poles z = 0 of order 3 and
z=mm/(R —r) of order 2 with m = +1,42, ..., £s within the circle
0. Then

2 2 1
27”/012 cot> (R —r)zdz = Cy <_§_ﬁm ﬁ)

It follows from the equality
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and the estimate C; = O(p + 1) that

1 1
— [ Ciz7 ' cot?* (R —r)zdz = —C, + O (M + ) .

2m ), s

Then from the discussion above we obtain
R

- 1
.T/mll,(z)dz:23+1—|—O(MJr )
2 ), s

Similarly, we have

R—7r ) o (n+1 pr+1
(3.8) 57 /aml,(z)dZ—O( . >+O( "

(3.7)

and
R—r 5 PN AT
(3.9) v /Uml,(z) dz=0 ( 3 ) :
Combining (3.6), (3.7), (3.8) and (3.9) yields
1 [ h(2) p+1 pt+1
1 — z =2 — .
(3.10) 57 Jh,,(z)dz s+0( . >+O( 3

Notice that p = 4%, Hence we can take a sufficiently large constant
C > 0 such that for any s > C'(v® + 1), the right hand side of (3.10)
is equal to 2s plus a constant with absolute value less than 1. On the
other hand, the integral equals an integer by the argument principle,
which implies that

1 R, (2)
A1 — [ X—=dz = 2s.
(3.11) 270 J, hy(2) : s
Then the desired results follow from (3.1) and (3.11). This completes
the proof of Theorem 1.1. O
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